In 1971 Razmyslov [4] found a beautiful construction for insoluble, locally nilpotent groups of exponent p (p 5). In 1978 Razmyslov [5] refined his construction, and showed that it also gives insoluble groups of exponent 4. In this note we show that Razmyslov's method can be used to construct insoluble, locally nilpotent, 
In fact we can prove a stronger result which implies Theorem 1.
Theorem 2. For each prime p 5 there exists an insoluble group G of exponent p with the property that if g ∈ G then the normal closure of g in G is nilpotent of class at most p − 3.
It is perhaps worth observing that insoluble, locally nilpotent Engel groups are not that easy to come by. Razmyslov [5] proved that there exist insoluble groups of exponent 4. Since groups of exponent 4 are central-by-(4-Engel), his theorem proves the existence of insoluble, locally nilpotent, 4-Engel groups of exponent 4. As mentioned above, Bachmuth and Mochizuki [2] established the existence of insoluble, locally nilpotent, 3-Engel groups of exponent 5. But, as far as I am aware, up till now the existence of further examples has relied on Zelmanov's solution of the restricted Burnside problem [7, 8] . Zelmanov's theorem implies that for any prime power q the class of locally nilpotent groups of exponent q forms a variety B q , and from the results mentioned above we know that B q is insoluble for q = 4 and for prime q 5. Razmyslov [5] also proved that B 9 is insoluble. These varieties are all Engel varieties, since the two generator groups in these varieties are nilpotent of bounded class.
So there are insoluble, locally nilpotent, Engel groups of exponent q for q = 4, 9 and for prime q 5.
However, the Engel length of these groups is quite large-groups in B 5 (for example) are 6-Engel, and groups in B 7 are 10-Engel.
Razmyslov's algebra
As mentioned above, Razmyslov refined his construction of insoluble, locally nilpotent groups of exponent p in [5] , and we refer the reader to that paper for details. Chapter 4 of my book [6] also contains a detailed treatment of Razmyslov's construction. Razmyslov defines an associative algebra A, and then establishes a number of properties of this algebra. We give a full definition of the algebra A in this note. We then state the key properties that we need, referring the reader to [5] and [6] for proofs of these properties.
Let M 2 be the full 2 × 2 matrix algebra over the complex field C. Let F be the commutative algebra over C with generators x i1 , x i2 , x i3 for i = 1, 2, . . . , and defining relations
where δ jk is the Kronecker symbol. It follows from these defining relations that
and hence that x ir x is x it = 0 for all r, s, t ∈ {1, 2, 3}. We denote the matrices i 0 0 −i , = 0 this integer k is uniquely defined, and we set f , g = k.
Some insoluble varieties of Lie rings
Let Λ be the free Lie ring freely generated by y 1 , y 2 , . . . , and let L be the Lie subring of M generated by x 1 , x 2 , . . . with the Lie product of two elements x, y ∈ L defined to be
is prime, then we define a set V p of multilinear elements of Λ as follows:
Razmyslov proves two key properties of the sets V p , as stated in the following two lemmas. [6, Lemma 4.4.2] .) If we let δ n be the derived length n word in the free generators y 1 , y 2 , . . . , y 2 n of Λ, then δ n / ∈ V p for any n 1.
Lemma 8. (See [6, Lemma 4.4.1].) If v is a multilinear element of Λ with the property that the identity v = 0 is a consequence of the identities
{u = 0 | u ∈ V p }, then v ∈ V p .
Lemma 9. (See
and so on. Note that py 1 ∈ V p , so the class of Lie rings satisfying the identical relations u = 0 for all u ∈ V p forms an insoluble variety of Lie rings of characteristic p. These Lie rings can be thought of as Lie algebras over GF(p). We let U p denote this variety. Razmyslov proves that if p 5, then
(This is Lemma 4.4.4 from [6] .) This shows that U p is an insoluble variety of (p − 2)-Engel Lie algebras over GF(p). Gunnar Traustason has pointed out to me in private communication that we do not need Lemma 9 to prove that U p is an insoluble variety. There is a theorem of Higgins [3] which implies that soluble (p − 2)-Engel Lie algebras over GF(p) are nilpotent. So to show that U p is insoluble we only have to show that it is not nilpotent. Lemma 3 easily implies that
and an easy induction then gives
It follows that
Before stating our next lemma we need to introduce some notation. Let A be a finite set of positive 
is a multilinear left-normed Lie product in the generators y 1 , y 2 , . . . , y n . In Section 3 of this article we prove the following lemma.
Lemma 10. 
Razmyslov's result implies that Lie algebras in U p are (p −2)-Engel Lie algebras, but Lemma 10 implies the stronger result that if C is a Lie algebra in U p , and if c ∈ C , then the ideal of C generated by c is nilpotent of class at most p − 3.
We actually need an even stronger result, which is quite easy to deduce from Lemma 10. 
We allow the possibility that some of the A i have length 0 and multiweight (0, 0, . . . , 0) . multiweight (2, 2, . . . , 2) . Thus, by Lemma 6,
for some integer k. Lemma 10 follows immediately from the following result on associative products in the algebra A.
Lemma 12.
σ ∈Sym(p−2)
for some integer k.
Proof. The proof is by induction on n. Note that since n p − 2, the base case for the induction is when n = p − 2, and we consider this case first.
So let n = p − 
We split this sum up into p − 2 separate sums σ ∈Sym(p−3)
By Lemma 5 this equals
The sum in the brackets in this expression equals
for some integer k, by Lemma 6. 
. . x (p−2)σ can be expressed as an alternating sum
By our reverse induction on the length of A p−2 we know that
for some integer k, and so we only need to consider terms of the form
where r + 1 s p − 2. Using the fact that x p−2 • x sσ is central we can write this as
and then changing notation slightly we can express this as 
The first of these p − 2 separate sums equals
Using the fact that (x p−2 • x 1σ ) is central, we see that the second sum equals
Similarly, we see that the remaining p − 4 separate sums are all equal to 2 3
Lemma 6 implies that σ ∈Sym(p−3)
for some integer k, and so
This completes the proof of Lemma 12 for the base case n = p − 2.
Now suppose that n > p − 2, and that the lemma holds true for n − 1. We consider the positions of the two occurrences of x n in σ ∈Sym(p−2)
and we use Lemma 5 which implies that
for some permutations τ of {1, 2, . . . ,m} and some integers α τ . So suppose that the two occurrences of x n are in A r and A s for some r s.
for some integers α τ and some monomials B τ . So
for some integer k, by induction on n.
On the other hand, if r < s then write A r = Bx n C , A s = Dx n E. So
We apply Eq. (2) This completes the inductive step, and so completes the proof of Lemma 12. 2
Proof of Theorem 2
There are various ways to construct insoluble, locally nilpotent, (p −2)-Engel groups of exponent p. One way is follows. Let F be the free Lie algebra of the variety U p of countably infinite rank, with free generators y 1 , y 2 , . . . . Since the identical relations defining the variety U p are all multilinear, F is multigraded, and is a direct sum of multihomogeneous components. Let I be the ideal of F generated by all Lie products of the generators which have a repeated entry. In other words, if we let A i be the ideal of F generated by y i , we let This is a consistent power-commutator presentation, and G is an insoluble, locally nilpotent, (p − 2)-Engel group of exponent p. In addition, if g ∈ G, then the normal closure of g is nilpotent of class at most p − 3. So G is an insoluble Fitting group with Fitting degree p − 3.
See Appendix B of [6] for a discussion of consistent power-commutator presentations. The basis chosen for L has the property that for each i = 1, 2, . . . the ideal generated by b i is abelian. It follows from this that the normal closure of a i in G is elementary abelian for i = 1, 2, . . . . The fact that the presentation for G is consistent follows easily from this fact. Note that L is the associated Lie ring of G, and that the fact that L is insoluble implies that G is insoluble.
To prove that the normal closure of an element g ∈ G is nilpotent of class at most p − 3, we need to show that if c is any left-normed commutator in G with p − 2 entries equal to g, then c = 1. It is sufficient to consider the case when the entries other than g in the commutator c are defining generators from the set {a 1 , a 2 
